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Talk Outline 
•  Parallax 

–  Importance – mass measurements 
–  Types – orbital, terrestrial, and satellite 
–  degeneracies 
–  Xallarap vs. orbital parallax 
–  Geocentric vs. Heliocentric 
–  Binary and planetary events can have larger parallax signals 

•  Orbital motion 
–  parameterization: vx, vy, T 
–  Kepler constraints – minimum velocities 
–  Motion of caustics limits the constraints on parallax 



Talk Outline (2) 
•  Promise and Curse of High Magnification 

–  Sensitive to planets in a wide range of positions 
–  Also distant or close stellar binaries 
–  Implies multiplanet sensitivity 
–  But signals can overlap 

•  Additional lens mass 
–  3+ mass lens equation 
–  Likely in high-mag events 
–  Consider both additional star or planet 
–  High mag events – 3rd mass may be more than just a small 

perturbation 
–  Extremely high-mag events – additional mass at different 

distance 
•  2 + 1 lens mass equation not solved 



Talk Outline (3) 
•  Additional Source 
•  Modeling strategy 
•  Calculation of light curves 

–  Various techniques: points source, ray-shooting, contour 
–  Optimal method point source + ray shooting 

•  2nd order method for limb darkened source 
•  Examples 

–  OGLE-2006-BLG-109 
–  MOA-266 
–  OGLE-07-349 
–  MOA-10-117 
–  OGLE-08-270 



Modeling & Photometry Interact 
•  Identification of planetary candidates requires good 

photometry 
•  Modeling helps to identify photometry issues 
•  Improved photometry often needed for a convincing 

discovery 
•  higher order effects are often subtle and sensitive to 

systematic photometry errors 
•  History of the OGLE-2005-BLG-169 event 



OGLE-2005-BLG-169Lb Identification 

•  1 July, 2005 Bond produces 
DIA photometry for µFUN 
data  and reports signal in 
MDM data, and that 
Rattenbury suspects          q 
~ 10-5 models 

•  Andy Gould and I were 
initially skeptical about this 
event 

•  Nich Rattenbury and Ian 
Bond are more optimistic 
and convince me to look at 
the event again 



OGLE-2005-BLG-169Lb Early Modeling 
• Nov., 2005, DPB runs analysis again and finds that point-source 

q ~ 10-5 models are preferred over point-source stellar binaries, 
as Ian and Nick had previously indicated 

•  The signal was almost entirely due to MDM data and had a very 
low amplitude of only a few per cent 

• Careful tests of the photometric precision were requested 

Deviation of OGLE-05-169 from  
standard single-lens model 

Constant stars of similar 
brightness  

Photometry was reprocessed with 
the OGLE pipeline and passed 
many photometry tests. 



OGLE-2005-BLG-169 Photometry Tests 

Low-mass planet of q ~ 2 × 10-5 (~3 Earth-masses) appears to be 
required, but the features in the MDM data are not exactly matched by 
the model. In particular, the sharp feature at t = 91.91 can be only 
partially accounted for by a very weak caustic entry. [Note: caustic 
crossing can give very weak signals!] 



OGLE-2005-BLG-169Lb: Oops! 

Comparison of OGLE Pipeline photometry to Stanek DIA photometry revealed 
systematic photometry errors in both. The feature at t = 91.91 disappeared from the 
OGLE Pipeline photometry when the fit radius was increased, so this was an error 
related to seeing, but other images with worse seeing did not show such problems. 
The best fit mass ratio becomes q ~ 8 × 10-5 (~13 Earth-masses). 

OGLE 
error  

Stanek errors 



OGLE-2005-BLG-169Lb 
•  Detection of a ~13 M⊕ 

planet in a high 
magnification microlensing 
event 

•  Caustic crossing signal is 
obvious when light curve is 
divided by a single lens 
curve. 

•  Detection efficiency for ~10 
M⊕ planets is << than for 
Jupiter-mass planets 

– 2/4 microlensing planets are 
super-Earths (~10 M⊕) 

– Super-Earths are much 
more common than Jupiters 
at 1-5 AU 

– ~37% of stars have super-
Earths at 1.5-4.5 AU (> 16% 
at 90% confidence) 

µFUN, OGLE, 
MOA & PLANET 



Lens System Properties 
• For a single lens event, 3 parameters (lens mass, 

distance, and velocity) are constrained by the 
Einstein radius crossing time, tE 

• There are two ways to improve upon this with light 
curve data: 
– Determine the angular Einstein radius : θE= θ*tE/t* = tEµrel 

where θ* is the angular radius of the star and µrel is the 
relative lens-source proper motion 

– Measure the projected Einstein radius,    , with the 
microlensing parallax effect (due to Earth’s orbital motion). 

  rE



Lens System Properties 

• Einstein radius : θE= θ*tE/t* and projected Einstein radius,  
–  θ* = the angular radius of the star 
–       from the microlensing parallax effect (due to Earth’s orbital motion). 
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• If only θE or       is measured, 
then we have a mass-distance 
relation. 

• Such a relation can be solved if 
we detect the lens star and use 
a mass-luminosity relation 
– This requires HST or ground-based 

adaptive optics 

• With θE,     , and lens star 
brightness, we have more 
constraints than parameters 

Finite Source Effects & Microlensing 
Parallax Yield Lens System Mass 
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3 Ways to Measure Microlensing Parallax 
•  Terrestrial - from different locations on the Earth 

–  Requires very high magnification - rapid change in brightness 
–  Measured for OGLE-2007-BLG-224 - disk brown dwarf 

•  Orbital motion of the Earth 
–  Requires a long Einstein radius crossing time, tE ≥ 100 days 
–  Measurable for some lenses in the Galactic disk, but not in the 

Galactic bulge 

•  From a Satellite far from Earth 
–  Solar System missions provide “opportunities” 

•  Cassini (late 1990’s) 
•  Deep Impact 2004 (proposal) 

–  OGLE-2005-SMC-1 measured by Spitzer 
–  MOA-2009-BLG-266 - first planetary microlensing event with 

extra-terrestrial observations - by EPOXI (formerly Deep Impact) 
in Oct., 2009. 



Terrestrial Microlensing Parallax 



Space-Based Microlensing Parallax 

Space-based parallax from Spitzer in Earth-trailing orbit 
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Space-Based Microlensing Parallax 
Deep Impact - now EPOXI is 
in a position to measure this 
effect. 

2009: Geometric exoplanet 
and host star mass 
measurements with DI  

EPOXI PSF! 



Satellite Observations of Exoplanet 
Microlensing events 

Galactic disk lens system                        Galactic bulge lens system 
           (long)                                                       (short) 



Orbital Microlensing Parallax 
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asymmetry and has a large deviation from the best-fit
symmetric light curve. However, the light curve is still
achromatic, so it is likely to be a microlensing event. Such
an asymmetry could be caused by a deviation from the
constant velocity assumption for the source, lens, or ob-
server. In principle, it is impossible to strictly distinguish
between these three possibilities because each can contrib-
ute equally to v t (the transverse velocity of the lens with
respect to the line of sight to the source star). However,
since the orbit of the Earth is known, one can attempt to fit
the light curve under the assumption that the only signifi-
cant deviation from constant velocities is the orbit of the
Earth. If a good fit is obtained assuming the known period,
orientation, and phase of the Earth’s orbit, then it is
reasonable to assume that the orbit of the Earth is indeed
responsible for the deviation of the light curve because it is
quite unlikely that the orbital parameters of the source star
or the lens would exactly match those of the Earth. As we
shall see, the event presented in this paper is a case in which
the orbital motion of the Earth is probably responsible for
the deviation of the lightcurve. This is a fortunate circum-
stance, as it allows us to compare the projected Einstein
ring diameter crossing time with the known size of the
Earth’s orbit and thereby obtain a second constraint on the
three unknown parameters of the lens: M, x, and vt.

The star shown in Figure 1 is located at � � 18h03m34!05,
� � �28�00�18"9 (J2000) or � � 270$8, � � �4$6 in ecliptic
coordinates. To include the orbital motion of the Earth in
equation (1), we must replace the expression for u(t) with

u2�t� � u 0
2 � � 2�t � t 0�

2 � � 2 sin2 ���t � t c��

� 2� sin ���t � tc�����t � t 0� sin � � u 0 cos ��

� �2 sin2 � cos2 ���t � t c��� 2� sin � cos

� ���t � tc�����t � t 0� cos � � u 0 sin ��, (2)

where � is the angle between vt and the north ecliptic axis,
� � 2/t̂, and tc is the time at which the Earth is closest to the
Sun-source line. Note that u0 is no longer the minimum
distance between the lens and the observer-source axis as it
was in the constant velocity case but is the minimum distance
between the lens and the Sun-source line. The parameters �
and � are given by

��
��1 AU�
ṽ

�1 � � cos ��0�t � t p��� (3)

and

��t � tc� � � 0�t � t c� � 2� sin �� 0�t � t p��, (4)

where tp is the time of perihelion, ṽ � vt/(1 � x) is the
transverse speed of the massive compact halo object
(MACHO) projected to the solar position, �0 � 2� yr�1, and
� � 0.017 is the Earth’s orbital eccentricity.

The dashed curve in Figure 1 is the best-fit constant velocity
microlensing light curve, and the solid curve is the fit including
the motion of the Earth. The fit parameters and �2 values are
listed in Table 1. As seen from Table 1, the �2 per degree of
freedom is reduced dramatically from 8.42 to 1.54 when the
terrestrial orbit terms are included. Formally, a �2 per degree
of freedom of 1.54 does not indicate a good fit for 206 degrees
of freedom, but this is not unusual in our data for stars of this
magnitude. If the two red band outlier points at days 135 and
201 are (arbitrarily) removed from the fit, the �2 per degree of
freedom drops to 1.08. In fact, these two outlier measurements
do have unusually large point-spread function (PSF)–fit �2

values, suggesting suspect photometry.
The direction of the best-fit velocity, ���1.01 rad from

ecliptic north, is 28� away from the direction of increasing
galactic longitude. This is what we expect for a lens located in
the galactic disk, where much of the velocity should be
attributable to the disk rotation, and thus the lens is ‘‘overtak-
ing’’ the line connecting the moving Sun to the galactic bulge
which is stationary (on average).

Perhaps the most interesting aspect of this microlensing
parallax observation is that it allows us to learn much more
about this event than we can learn about ordinary microlens-
ing events. Substituting vt � ṽ(1 � x) into the equation defin-

FIG. 1.—The observed two-color light curve is shown as H1 � error bars, in
linear units normalized to the fit unlensed brightness. The upper panel is the
MACHO R-band data and the lower panel shows the MACHO B-band data.
The dashed curve shows the constant velocity microlensing fit, and the solid
curve shows the best-fit light curve allowing for the orbit of the Earth. Time is
in days from JD 2,449,000.

TABLE 1
FIT RESULTS FOR 213 MEASUREMENTS IN BOTH PASSBANDSa

Fit t0

�
(yr�1) u0 Amax f 0R f 0B

ṽ

(km s�1) � �2

1 . . . . . . . . . . . . . . . . . . . . . . . . 143.7(8) 3.28(4) 0.159(11) 10.38 1.000(3) 1.000(4) 75(5) �1.01(7) 318.2
2 . . . . . . . . . . . . . . . . . . . . . . . . 129.0(6) 2.59(1) 0.101(5) 9.93 1.012(3) 1.001(4) E 0.0 1752

a Fit 1 is the full fit including parallax effects; fit 2 is the usual ‘‘constant velocity’’ fit, which is sufficient to describe most
microlensing light curves; f 0R and f 0B are the baseline fluxes normalized to the fit 1 values. The error estimates given are the
maximum extent of the surface in parameter space, which has �2 greater than the best-fit value by 1.
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Gould (1992) 103 M LMC 
Microlensing event  
(dashed curve) 

Alcock et al. (1995) 1st observed parallax 
event: MACHO-104-C (solid curve)  



Microlensing Parallax Parameters 

• projected Einstein radius, 
–  conceptually simple 

• parallax vector, 
–  convenient for modeling, as πE  0 when parallax vanishes 

• projected (source-lens) velocity, 
–  depends on velocities and distance – independent of mass 

2-d vectors:  

  rE

  π E = (1AU) rE

  v̂ = rE tE

  v̂  π E  rE



Parallax Coordinate Systems 
•  Heliocentric 

– conceptually simple 
– useful for comparison with direct relative proper motion 

measurements 
– when                      ,  the parameters tE, t0, and u0 can 

change substantially between the parallax on non-parallax 
fits – and they may have large, but correlated uncertainties 

•  Geocentric 
– a inertial frame moving instantaneously with the Earth at a 

time, tfix 

– parameters are similar to non-parallax models without the 
additional, correlated uncertainties 

–  lens-source relative proper motion in this frame is not very 
useful, since the Earth follows the Solar motion over long 
timescales 

  v̂  30 km/s



Orbital Microlensing Parallax 

tE= 485 days    

  v̂  30 km/s implies large light curve variations 



Orbital Microlensing Parallax 

tE= 245 days    

πE ~ πE,E  - i.e. lens-source relative velocity is nearly E-W 



Orbital Parallax Degeneracies 

•  One directions (usually N-S) is more 
poorly constrained than the other 
– N-S component of Earth’s acceleration 

is small 
–  if tE << 1 year, acceleration direction 

doesn’t change much during event 
•  orientation of the lens system can be 

reflected with respect to the Earth-
Sun system: takes u0 <-> -u0 and      
θ <-> -θ (or α <-> -α) 

other parameters changing very little. The jerk-parallax degen-
eracy sends

!E;k ! !E;k; !E;? ! ! !E;? þ !j;?
! "

; ð7Þ

where the parallel and perpendicular directions are defined by the
Sun’s apparent acceleration at t0 andpj is the jerk parallax. In this
case also, the remaining parameters change very little. Gould
(2004) gives the exact formula for pj , but in the approximation
that the Earth’s orbit is circular, the perpendicular component is

!j;? ¼ ! 4

3

yr

2!tE

sin "ec

cos2 sin2"ec þ sin2 
! "3=2 ; ð8Þ

where "ec is the ecliptic latitude of the event and  is the phase of
the peak of the event relative to opposition.

3.2. Constant-Acceleration Degeneracy

The constant-acceleration degeneracy is the most common
and easiest to identify, and we therefore look for it first. It is
obtained by using the first parallax solution as a seed but with the
sign of u0 reversed. While this always converges to a new so-
lution, in five cases the two solutions are not truly degenerate
since one of these two has a significantly worse #2 or heavy
negative blending. If this potential degeneracy is not realized,
then the other possible degeneracies are not present either.

3.3. Jerk-Parallax Degeneracy

Since the Galactic bulge lies close to the ecliptic, the Sun’s pro-
jected apparent acceleration is generally parallel to the ecliptic,
which at the position of the Galactic bulge lies along the east-
west axis. The vector-parallax components!E;k and !E;? are there-
fore approximately aligned with !E;E and !E;N , the east and north
components of this vector. Moreover, from equation (8) one
finds that near the ecliptic, !j;? & 0. Hence, equation (7) becomes
approximately

!E;E ! !E;E; !E;N ! !!E;N : ð9Þ

We therefore generally make this substitution in the original so-
lution to obtain a seed to search for the jerk-parallax degenerate
solution. When this fails, we use the more exact formula of Gould
(2004). Three of the 22 events have at least three solutions.

When the search for a third solution is successful, we reverse
the sign of u0 in this solution to obtain a seed to search for a fourth
solution. Only 2 of the 22 events have four distinct solutions.

3.4. Ecliptic Degeneracy

As noted by Jiang et al. (2004), events that lie exactly on the
ecliptic suffer a twofold degeneracy. Unlike the degeneracies
identified by Smith et al. (2003) and Gould (2004), which are
perturbative (to fourth order in time) and so can be broken for
events that are sufficiently long or have sufficiently high quality
data, the ecliptic degeneracy is exact to all orders. Since the bulge
lies near the ecliptic, one expects this degeneracy to apply ap-
proximately to bulge events. From simple geometric consid-
erations, the exact ecliptic degeneracy takes

u0 ! !u0; !E;? ! !!E;?: ð10Þ

Hence, toward the bulge, a good seed for the approximate eclip-
tic degeneracy can be obtained by the substitutions u0 ! !u0,

!E; N ! !!E; N . While we did not, in fact, locate this degeneracy
in this manner, we find in retrospect that almost all of the events
for which there are at least two solutions do in fact suffer from the
ecliptic degeneracy and that it could have been found by the above
substitution. What occurred in practice is that when we reversed
the sign of u0, but not !E; N (see x 3.2), the minimization procedure
drove !E; N to the opposite sign anyway.

3.5. Solutions

Once all the parallax solutions are found for a given event, we
focus our attention on the one with the lowest #2. We recursively
remove outliers and rescale the errors so that #2 per degree of
freedom (dof ) is equal to unity. We terminate this procedure
when the largest outlier has #2 < 14. This cleaned and re-
normalized data set is used to evaluate all solutions. A #2 map in
the pE plane is generated for each solution to verify that all
degenerate solutions have been identified. This is shown for
eventMACHO-104-C in Figure 1 and for eventMACHO-179-A
in Figure 2. Each solution is listed in Table 2. Again, most of the
table headings are self-evident. The source magnitude is derived
from the source flux for the band for which the baseline mag-
nitude (derived from fs þ fb) is given in Table 1. For MACHO
events, this is actually a combination of the two observed bands.
The column $b ' fb/( fs þ fb) gives the ratio of unlensed back-
ground light flux to the total baseline flux. The ‘‘geocentric’’
parameters are those obtained in the fit. The ‘‘heliocentric’’ pa-
rameters are derived from these and describe the event as it
would be seen from the Sun. In particular, % is the angle of the

Fig. 1.—The !#2 contour map in the pE plane for event MACHO-104-C.
The pair of solutions in each panel is the jerk-parallax degeneracy. The so-
lutions for positive u0 and negative u0 are at similar pE because of the constant-
acceleration degeneracy. The ecliptic degeneracy identifies the upper (lower)
solution in the left panel with the lower (upper) solution in the right panel.
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asymmetry and has a large deviation from the best-fit
symmetric light curve. However, the light curve is still
achromatic, so it is likely to be a microlensing event. Such
an asymmetry could be caused by a deviation from the
constant velocity assumption for the source, lens, or ob-
server. In principle, it is impossible to strictly distinguish
between these three possibilities because each can contrib-
ute equally to v t (the transverse velocity of the lens with
respect to the line of sight to the source star). However,
since the orbit of the Earth is known, one can attempt to fit
the light curve under the assumption that the only signifi-
cant deviation from constant velocities is the orbit of the
Earth. If a good fit is obtained assuming the known period,
orientation, and phase of the Earth’s orbit, then it is
reasonable to assume that the orbit of the Earth is indeed
responsible for the deviation of the light curve because it is
quite unlikely that the orbital parameters of the source star
or the lens would exactly match those of the Earth. As we
shall see, the event presented in this paper is a case in which
the orbital motion of the Earth is probably responsible for
the deviation of the lightcurve. This is a fortunate circum-
stance, as it allows us to compare the projected Einstein
ring diameter crossing time with the known size of the
Earth’s orbit and thereby obtain a second constraint on the
three unknown parameters of the lens: M, x, and vt.

The star shown in Figure 1 is located at � � 18h03m34!05,
� � �28�00�18"9 (J2000) or � � 270$8, � � �4$6 in ecliptic
coordinates. To include the orbital motion of the Earth in
equation (1), we must replace the expression for u(t) with

u2�t� � u 0
2 � � 2�t � t 0�

2 � � 2 sin2 ���t � t c��

� 2� sin ���t � tc�����t � t 0� sin � � u 0 cos ��

� �2 sin2 � cos2 ���t � t c��� 2� sin � cos

� ���t � tc�����t � t 0� cos � � u 0 sin ��, (2)

where � is the angle between vt and the north ecliptic axis,
� � 2/t̂, and tc is the time at which the Earth is closest to the
Sun-source line. Note that u0 is no longer the minimum
distance between the lens and the observer-source axis as it
was in the constant velocity case but is the minimum distance
between the lens and the Sun-source line. The parameters �
and � are given by

��
��1 AU�
ṽ

�1 � � cos ��0�t � t p��� (3)

and

��t � tc� � � 0�t � t c� � 2� sin �� 0�t � t p��, (4)

where tp is the time of perihelion, ṽ � vt/(1 � x) is the
transverse speed of the massive compact halo object
(MACHO) projected to the solar position, �0 � 2� yr�1, and
� � 0.017 is the Earth’s orbital eccentricity.

The dashed curve in Figure 1 is the best-fit constant velocity
microlensing light curve, and the solid curve is the fit including
the motion of the Earth. The fit parameters and �2 values are
listed in Table 1. As seen from Table 1, the �2 per degree of
freedom is reduced dramatically from 8.42 to 1.54 when the
terrestrial orbit terms are included. Formally, a �2 per degree
of freedom of 1.54 does not indicate a good fit for 206 degrees
of freedom, but this is not unusual in our data for stars of this
magnitude. If the two red band outlier points at days 135 and
201 are (arbitrarily) removed from the fit, the �2 per degree of
freedom drops to 1.08. In fact, these two outlier measurements
do have unusually large point-spread function (PSF)–fit �2

values, suggesting suspect photometry.
The direction of the best-fit velocity, ���1.01 rad from

ecliptic north, is 28� away from the direction of increasing
galactic longitude. This is what we expect for a lens located in
the galactic disk, where much of the velocity should be
attributable to the disk rotation, and thus the lens is ‘‘overtak-
ing’’ the line connecting the moving Sun to the galactic bulge
which is stationary (on average).

Perhaps the most interesting aspect of this microlensing
parallax observation is that it allows us to learn much more
about this event than we can learn about ordinary microlens-
ing events. Substituting vt � ṽ(1 � x) into the equation defin-

FIG. 1.—The observed two-color light curve is shown as H1 � error bars, in
linear units normalized to the fit unlensed brightness. The upper panel is the
MACHO R-band data and the lower panel shows the MACHO B-band data.
The dashed curve shows the constant velocity microlensing fit, and the solid
curve shows the best-fit light curve allowing for the orbit of the Earth. Time is
in days from JD 2,449,000.

TABLE 1
FIT RESULTS FOR 213 MEASUREMENTS IN BOTH PASSBANDSa

Fit t0

�
(yr�1) u0 Amax f 0R f 0B

ṽ

(km s�1) � �2

1 . . . . . . . . . . . . . . . . . . . . . . . . 143.7(8) 3.28(4) 0.159(11) 10.38 1.000(3) 1.000(4) 75(5) �1.01(7) 318.2
2 . . . . . . . . . . . . . . . . . . . . . . . . 129.0(6) 2.59(1) 0.101(5) 9.93 1.012(3) 1.001(4) E 0.0 1752

a Fit 1 is the full fit including parallax effects; fit 2 is the usual ‘‘constant velocity’’ fit, which is sufficient to describe most
microlensing light curves; f 0R and f 0B are the baseline fluxes normalized to the fit 1 values. The error estimates given are the
maximum extent of the surface in parameter space, which has �2 greater than the best-fit value by 1.
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MACHO-104-C 

Smith et al. (2003); Gould (2004) 



Uncertainty Reduced by Additional 
Lens Mass 

With a 2nd mass, the 
magnification 
depends on the 2-d 
position of the source 
not just the radial 
position. 

Smith et al. (2003) 



Parallax vs. Xallarap 
If the source has a 
binary companion, 
then the orbital 
motion of the 
source can affect 
the light curve. 

Xallarap can always 
mimic orbital 
parallax, but it is 
somewhat unlikely 
to have a binary 
companion with an 
orbital period of 
1-1000 days. 

262 ALCOCK ET AL. Vol. 552

We also include Ðve additional blending parameters, one
f for each passband of observations. In each case, f rep-
resents the fraction of the objectÏs baseline Ñux which was
lensed. The s2/degrees of freedom (dof ) for this Ðt is 0.91,
formally an acceptable Ðt. However, there are periodic
residuals around this smooth Ðt, especially in the CTIO
data. We have plotted these residuals for the CTIO R and B
passbands in Figures 3 and 4, respectively.

3.2. Binary Source (Xallarap) Microlensing
Fitting this event to an orbiting binary source does

provide signiÐcant improvement over the standard blended
Ðt. We follow the formalism of Dominik (1998) for the
binary source solution. In particular, we use the Ðt param-
eters the time of closest approach of the lens to the sourcet8

b
,

system center of mass ; the lensÏ Einstein radius crossingtE,
time ; the lensÏ impact parameter with respect to theb8 ,
source system center of mass, in units of the lensÏ Einstein
radius projected into the source plane ; the angle betweena8 ,
the lens trajectory and the x source axis ; the total binaryf 81,
Ñux fraction of source 1 ; the total binary mass fractionm8 1,
of source 1 ; the orbital semimajor axis in units of the lensÏo8 ,
projected Einstein radius ; the orbital inclination ; theb8 , T3 ,
orbital period in days ; the orbital phase at time andm8 0, t8

b
;

one f for each passband of observations, an additional eight
parameters compared to the standard blended microlensing
Ðt. Finally, we assume zero eccentricity circular orbits for
the sources, meaning inclination angle from Dominikc8
(1998) is redundant and is set to zero in these Ðts.

We Ðnd 2 minima in this parameter space, separated by
*s2 D 1. Our most signiÐcant model is labeled X1, and our
second most signiÐcant is X2. These Ðts are a further
*s2 \ [72 from the standard microlensing Ðt, which we
are extremely unlikely to arrive at by chance, even given our

FIG. 3.ÈCTIO R-passband light curve of 96-LMC-2. The top panel
displays the three Ðts performed on the complete time series of data, along
with the CTIO R-band data in 1 day bins. The dotted line represents the
best standard Ðt, and the solid and dashed lines the most signiÐcant and
second most signiÐcant xallarap Ðts X1 and X2, respectively. The bottom
panel indicates the residuals of each Ðt and the data around the standard
microlensing Ðt. [See the electronic edition of the Journal for a color version
of this Ðgure.]

FIG. 4.ÈSame as Fig. 3, except with the CTIO B-band light curve. [See
the electronic edition of the Journal for a color version of this Ðgure.]

additional seven constraints. Xallarap Ðt parameters are
presented in Table 2. Fit X1 indicates a primary which
contributes D100% of the light, a dark secondary, and an
orbital period of days. The second Ðt X2T3 \ 9.22 ^ 0.21
yields a binary source of similar mass and brightness stars
and days. These Ðts and the residuals ofT3 \ 21.2 ^ 0.54
these Ðts around the standard microlensing Ðt are plotted

TABLE 2

XALLARAP MICROLENSING FIT PARAMETERS

X1 X1a X1b X2

s2/dof . . . . . . . 1799.9/2054 . . . . . . 1800.9/2053
t8
b
a . . . . . . . . . . . 1767.600 (79) . . . . . . 1767.80 (14)

2tE . . . . . . . . . . . 101.8 (42) . . . . . . 108.8 (53)
b8 . . . . . . . . . . . . . 0.287 (16) . . . . . . 0.246 (19)
a8 . . . . . . . . . . . . . [2.15 (37) . . . . . . 0.236 (77)
f 81 . . . . . . . . . . . . 0.000 (29) . . . . . . 0.52 (19)
m8 1 . . . . . . . . . . . 0.1b 0.045 0.40 0.53 (19)
o8 . . . . . . . . . . . . . 0.095 (15)b 0.208 (33) 0.0237 (39) 0.188 (26)
b8 . . . . . . . . . . . . . 1.00 (30) . . . . . . 1.43 (14)
T3 . . . . . . . . . . . . . 9.22 (21) . . . . . . 21.22 (53)
m8 0 . . . . . . . . . . . [0.23 (37) . . . . . . 0.40 (12)
fMACHOR

. . . . . . 0.94 (9) . . . . . . 0.80 (8)
fMACHOB

. . . . . . 0.95 (9) . . . . . . 0.80 (8)
fCTIOR

. . . . . . . . 0.93 (9) . . . . . . 0.79 (8)
fCTIOB

. . . . . . . . 0.96 (9) . . . . . . 0.81 (8)
fUTSOR

. . . . . . . . 0.58 (18) . . . . . . 0.86 (46)

NOTE.ÈXallarap microlensing Ðt parameters for event 96-LMC-2. The
parameters are as deÐned in ° 3.2. For each passband, f represents the
fraction of the objects baseline brightness which was lensed. Reported
uncertainties in the Ðnal signiÐcant digit(s) are the maximum extent of the
surface in parameter space which has a s2 greater than the best-Ðt value
by 1.

a JD [ 2,448,623.50.
b For Ðt X1, we are only able to constrain the product of and Wem8 1 o8 .

assume 0.1 and 1.4 dark companions to the 2.1 primary toM
_

M
_

M
_determine these parameters for Ðts X1a and X1b, respectively. The sources

for Ðt X2 are estimated to be 1.9 See ° 3.2.2 for further details.M
_

.

MACHO-96-LMC-2 



Ruling out Xallarap 

Does the best fit xallarap model match 
the parameters of the Earth’s orbit?  

Xallarap can’t mimic terrestrial parallax. 

Because θE is routinely measured, we 
know the Einstein radius projected to 
the position of the source, so we can 
use Kepler’s 3rd law to set a limit on 
the orbital semi-major axis. 

MOA-2007-BLG-192 



MOA-2007-BLG-192 
a high magnification event not predicted due to bad weather 

Bennett et al. (2008) 



MOA-2007-BLG-192 Microlensing Parallax 

Δχ2 contours for MOA and 
OGLE data. Contours are 
plotted at Δχ2 = 1, 4, 9, 16, 25"
(calculations by Yvette Perrott, 
Auckland U.)"

Combined MOA and OGLE Δχ2 
values now in polar coordinates. "

 
π E =

1
rE

is more convenient than       for modeling  rE



Microlensing Parallax Implications for   
MOA-2007-BLG-192 

           probability 
distribution based on 
Galactic. A function 
of a 2-d velocity 
vector and distance. 

Measurement of 
lens-source proper 
motion will determine  

 v = v̂

 v = v̂



Microlensing Parallax Implications for   
MOA-2007-BLG-192 

Mass-distance relation and 
probability of function of distance 
for best fit model. 

Average over all parallax 
models consistent with the data: 

 M∗ = 0.040−0.015
+0.080M



VLT Adaptive Optics Images of  
MOA-2007-BLG-192 

Preliminary AO photometry indicates that the lens is not brighter than 
the source in the J-band. "

Source + Lens stars 



Ruling in Xallarap 

Xallarap model provides a much better fit 
than parallax with ∆χ2 ~ 70 

Xallarap signal seen in MOA and OGLE 
data independently. 

OGLE-2007-BLG-368 

Sumi et al. (2010) 



Example: MOA-2009-BLG-266Lb 
MOA survey 
discovery (Muraki et 
al. 2011) 

Peak on 18 Sep. 
2009, when Earth’s 
acceleration is 
nearly perpendicular 
to line of sight. 

Parallax signal 
detected with  
∆χ2 = 2789.3 

First cold Neptune 
with a measured 
mass. 



Survey Discovery: MOA-2009-BLG-266 

•  Planet discovered by 
MOA on Sept. 11, 
2009 

•  Lowest mass planet 
at > 0.05 AU with a 
mass measurement 

•  Deep Impact (now 
EPOXI Spacecraft 
observations 
contribute 

•  If extended mission is 
approved, regular 
microlensing 
parallaxes even for 
bulge events 

  10M⊕   at  3AU



Example: MOA-2009-BLG-266Lb 
•  for a static lens system, the u0 > 0 

model is preferred over u0 < 0 by     
∆χ2 = 13.4. Other parameters differ:    
q(u0 > 0) = 5.4×10-5                              
q(u0 < 0) = 5.8×10-5 

•  But, planet must orbit its host star 
•  Orbital motion improves χ2 by ∆χ2 = 3.2 

(for 2 fewer d.o.f.)  - not significant 
•  Difference between u0 > 0 and u0 < 0 

solutions drops to ∆χ2 = 6.3 
•  Orbital motion removes systematic 

difference in other parameters 
•  Orbital parameters limited by requiring 

planet to be bound:  

                             (Dong et al. 2009) 
 
sx
2 + sy

2 ≤
2GML

d⊥RE
2 =

2GML

s θEDL( )3



Orbital Motion in Planetary Microlensing 
•  All star+planet events must have orbital motion 

–  Can be minimized with a long separation along the line of sight, but this is 
unlikely 

•  Typical orbital period is ~8 years 
•  Or 10-3RE per day 
•  For fixed θE, orbital motion (in RE units) is minimized for DL = ⅔DS, 

maximized for DL -> 0 and DL -> DS 
–  DL -> 0 implies very low-mass lens system and large parallax signal 
–  DL -> DS implies very massive lens system 

•  Most easily detected in events with long duration planetary signals 
–  Massive planets  
–  s ~ 1, connected or “resonant” caustic 

•  Radial motion of such caustics is larger 
•  If planetary signal has a duration of N days, then orbital motion is 

almost certainly important if light curve changes significantly when the 
planet position is changed by N(10-3RE ) 



Orbital Motion Modeling 
•  We sample only a small portion of the light curve 
•  So, we first consider lowest order terms: 

–  0th order: 2-d positions: s = sx, sy = 0 (0th order separation defines x-axis) 
–  1st order: 2-d velocities:  
–  2nd order: 1-d acceleration:      , acceleration only toward the host 
–  higher order terms are unlikely to be important for a planetary event (but 

could be important with stellar binaries) 
•  5 parameters are enough to describe a circular orbit (with a center at 

the origin) 
–  2 parameters to describe the orbital plane (passing through the origin) 
–  the radius, phase, and period of the orbit 
–  A circular orbit is described by 5 parameters 

•  Thus, a circular orbit can be described by sx,           , and the orbital 
period, T 

•  If we know the planetary mass (from measurements of θE and πE) 

  sx ,  sy
 sx

  sx ,  sy



Orbital Motion as a Nuisance: 
MOA-2009-BLG-387  

4 caustic crossings in 10 
days for very massive 
planet (q ~ 0.013) at          
s ~ 0.91, tE ~ 40 days. 

Sensitive to both orbital 
motion and parallax. 

V . B a t i s t a e t a l . : M O A - 2009- B L G - 387

MOA-2009-BLG-387
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Fig. 1. Top: l ight c ur ve of M O A - 2009- B L G - 387ne a r i t s pe a kinJ uly2009a ndthe tr a j e c tor yof the s our c e a c r os s the c a us t i c f e a tur e onthe r ight.

T he s our c e i s goingupw a r d. W e s how the m ode l w i thfi nite - s our c e , pa r a l l a xa ndor bita l m otione ffe c t s . Middle: m a gnitude r e s idua ls . Bottom:

z oom s of the c a us t i c f e a tur e s of the l ight c ur ve .

T he s e c ondc a us ti c e ntr a nc e oc c ur r e da bout s e ve nda ys la t e r

( H J D

′ =5047.1, s e e F ig. 1) . T ha t the c a us t i c c r os s ings a r e s of a r
a pa r t intim e i s quite unus ua l inpla ne ta r ym i c r ole ns inge ve nts .

S inc e r ound- the - c loc kinte ns ive obs e r va t ions c a nnot nor m a l lybe

s us t a ine df or a w e e k, a c c ur a t e r e a l - t i m e pr e dic t ionof the s e c ond

c a us ti c e ntr a nc e w a s i m por ta nt f or obta ininginte ns ive c ove r a ge

of this f e a tur e . I nf a c t , the s e c ondc a us t i c e ntr a nc e w a s pr e dic t e d

14hina dva nc e , w i tha fi ve - hour dis c r e t e unc e r t a intydue to

the w e l l - know nc los e /w ide s ↔ s−1de ge ne r a c y, w he r e s i s the
pr oje c t e ds e pa r a t ioninunits of the E ins t e inr a dius . T he c los e -

ge om e t r yc r os s ingpr e dic t ionw a s a c c ur a t e tole s s tha none ha lf

hour a ndthe c a us t i c - ge om e t r ypr e dic t ionw a s a l m os t ide ntic a l to

the one de r ive df r om the be s t fi t tothe f ull l ightc ur ve , w hic his

s how ninF ig. 1.

T he e xte nde ddur a t ionof the lightc ur ve a nom a l i e s indic a t e s

a c or r e s pondinglyla r ge c a us t i c s t r uc tur e . I nde e d, the pr e l i m i -

na r ym ode ls f ounda pla ne t /s t a r s e pa r a t ion( inunits of E ins t e in

r a dius ) c los e tounity, w hic hm e a ns tha t the c a us t i c i s r e s ona nt

( s e e the c a us t i c s ha pe inthe uppe r pa ne l of F ig. 1, w he r e the

s our c e i s goingupw a r d) .

T he e ve nt w a s a l e r t e da ndm onitor e dbythe M O A c oll a bor a -

t ion. I t w a s a l s om onitor e dbythe P r obingL e ns ingA nom a l i e s

N e t w or kc olla bor a t ion( P L A N E T ; A lbr ow e t a l . 1998) f r om

thr e e di ffe r e nt t e l e s c ope s : a t the S outhA f r i c a nA s t r onom ic a l

O bs e r va tor y( S A A O ) , a s m e ntione da bove , a s w e l l a s the

C a nopus 1m a t H oba r t ( T a s m a nia ) a ndthe 60c m of P e r th

O bs e r va tor y( A us t r a l i a ) .

T he M i c r ole ns ingF ollow U pN e t w or k( µF U N ; Yooe t a l .

2004) f ollow e dthe e ve nt f r om C hil e ( 1.3m S M A R T S t e l e s c ope

a t C T I O ) ( V, I a ndH ba ndda ta ) , S outhA f r i c a ( 0.35m te l e s c ope

a t B r onbe r gobs e r va tor y) , N e w Z e a l a nd( 0.40m a nd0.35m te l e -

s c ope s a t A uc kla ndO bs e r va tor y( A O ) a ndF a r m C ove ( F C O )

obs e r va tor y, r e s pe c t ive ly, the W i s e obs e r va tor y( 1.0m a t M i t z pe

R a m on, I s r a e l ) , a ndthe K um e uobs e r va tor y( 0.36m te l e s c ope a t

A uc kla nd, N Z ) .

T he R oboN e t c oll a bor a t iona ls of ollow e dthe e ve nt w i th

the ir thr e e 2m r obotic t e l e s c ope s : the F a ulke s T e l e s c ope s N or th

( F T N ) a ndS outh( F T S ) inH a w a i i a ndA us tr a l i a ( S idingS pr ings

O bs e r va tor y) r e s pe c t ive ly, a ndthe L ive r pool T e l e s c ope ( L T ) on

L a P a l m a ( C a na r yI s l a nds ) . A ndfi na lly, the M i N D S T E pc olla b-

or a t ionobs e r ve dthe e ve nt w i ththe D a nis h1.54m a t E S O L a

S i l l a ( C hil e ) .

O bs e r va t iona l c onditions f or this e ve nt w e r e unus ua llyc ha l-

l e nging, due inpa r t tothe f a intne s s of the t a r ge t a ndthe pr e s e nc e

of a br ight ne ighbor ings ta r . M or e ove r , the f ull m oonpa s s e d

c los e tothe s our c e ne a r the s e c ondc a us t i c e ntr a nc e . A s a r e -

s ult , s e ve r a l da t a s e t s w e r e of m uc hlow e r s t a t i s t i c a l qua li ty

a ndha dm uc hs tr onge r s ys t e m a t i c s tha nthe othe r s . W e the r e -

f or e s e l e c t e ds e ve nda ta s e t s tha t c ove r the c a us t i c f e a tur e s

a ndthe e nti r e l ightc ur ve : M O A , S A A O , F C O , A O , D a nis h,

B r onbe r g, a ndW is e . T he yinc lude 118M O A da t a points inI
ba nd, 221P L A N E T da t a points inI ba nd, 262µF U N da t a points

inunfi lt e r e d, R a ndI ba nds , a nd300M iN D S T E pda ta points inI
ba nd. W e a l s ofi t the µF U N C T I O I a ndV da ta tothe fi na l m ode l,

but s ole lyf or the pur pos e of de te r m iningthe s our c e s i z e . A nd

fi na lly, w e fi t µF U N C T I O H - ba ndda ta tothe lightc ur ve inor -

de r toc om pa r e the H - ba nds our c e fl uxw iththe la t e - t i m e H - ba nd

ba s e l ine fl uxf r om V L T i m a ge s ( s e e S e c t . 2.1) . T he S A A O , F C O ,

A O , D a nis h, B r onbe r g, a ndW is e da t a w e r e r e duc e dbyM D A

us ingthe P Y S I S 3s of tw a r e ( A lbr ow e t a l . 2009) . T he F C O , A O ,

B r onbe r g, a ndW is e i m a ge s w e r e t a ke ninw hite l ight a nds uf -

f e r e df r om s ys t e m a t i c e ffe c t s r e l a t e dtothe a i r m a s s . S uc he ffe c t s
w e r e c or r e c t e dbye xtr a c t inglightc ur ve s of othe r s t a r s inthe fi e ld

w i ths im i l a r c olor s tothe le ns , a nda s s um ingtha t the s e s t a r s a r e

intr ins i c a l lyc ons ta nt.
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Orbital Motion as a Nuisance: 
MOA-2009-BLG-387  

Parallax-only and orbital motion only models in color; Joint parallax + 
orbital motion in grey. If lens system was static, we could get a precise 
parallax value and precise lens masses… 



Example of  Complicated Planetary Event 

•  OGLE-2006-BLG-109 
•  Includes 2-planets, orbital motion of a planet near the 

Einstein radius and microlensing parallax 
•  Follow-up observations see the host star 

Gaudi et al. (2008); Bennett et al. (2010) 



Static Solution for OGLE-2006-BLG-109 

Without orbital motion, the source 
misses the early caustic crossing. 
With 11 days between cusp 
approach and peak, we can expect 
~0.01 RE of radial caustic motion 
during the planetary deviation 



OGLE-2006-BLG-109Lb,c Caustics  

•  Curved source trajectory due to Earth’s orbital motion: microlensing parallax 
•  Caustic curves plotted at 3-day intervals 
•  0.2% of 14-yr orbit completed during planetary event 
•  Model includes planet-star relative velocity and acceleration 



Effect of Parallax & Orbital Motion 
• black curve is the full model 
• red curve: neither orbital motion nor parallax. 
• blue curve: orbital motion, but no parallax 
• green curve: constant velocity approx. 
• cyan curve: parallax and the constant 

velocity approx. 

ratio to single lens 
light curve  

Binary model similar to OGLE-06-109 



Double-Planet Event: OGLE-2006-BLG-109 
• 5 distinct planetary 
light curve features 

• OGLE alerted 1st 
feature as potential 
planetary signal 

• High magnification  
• Feature #4 requires 
an additional planet 

• Planetary signals 
visible for 11 days 

• Features #1 & #5 
require the orbital 
motion of the Saturn-
mass planet 

µFUN, OGLE, MOA & PLANET 

OGLE alert 

only multiplanet  
system with  
measured masses 



OGLE-2006-BLG-109 Light Curve Detail 
• OGLE alert on feature 

#1 as a potential 
planetary feature 

•  µFUN (Gaudi) 
obtained a model 
approximately 
predicting features #3 
& #5 prior to the peak 

• But feature #4 was not 
predicted - because it 
is due to the Jupiter - 
not the Saturn 

Gaudi et al (2008) 
Bennett et al (2010) 



OGLE-2006-BLG-109 Light Curve Features 
•  The basic 2-planet 

nature of the event 
was identified 
during the event, 

• But the final model 
required inclusion 
of orbital motion, 
microlensing 
parallax and 
computational 
improvements (by 
Bennett). 



OGLE-2006-BLG-109Lb,c Caustics  
Curved source trajectory due 

to Earth’s orbital motion 

Feature 
due to 
Jupiter 

Planetary orbit changes the caustic 
curve - plotted at 3-day intervals 



OGLE-2006-BLG-109 Source Star 

The model indicates 
that the source is 
much fainter than 
the apparent star at  
the position of the 
source. Could the 
brighter star be the 
lens star? 

source from model 

Apparent source  
In image 



OGLE-2006-BLG-109Lb,c Host Star  

•  OGLE images show that the source is offset from the bright star by 350 mas 
•  B. Macintosh: Keck AO images resolve lens+source stars from the brighter star. 
•  But, source+lens blend is 6× brighter than the source (from CTIO H-band light 

curve), so the lens star is 5× brighter than source. 
–  H-band observations of the light curve are critical because the lens and source and not 

resolved 
•  Planet host (lens) star magnitude H ≈ 17.17 

–  JHK observations will help to constrain the extinction toward the lens star 



Only Multiplanet System with Measured Masses 

•  Apply lens brightness constraint: HL≈ 17.17.  
•  Correcting for extinction: HL0= 16.93 ± 0.25 

–  Extinction correction is based on HL-KL color 
–  Error bar includes both extinction and photometric uncertainties 

•  Lens system distance: DL= 1.54 ± 0.13 kpc 

  Host star mass: ML = 0.52−0.07
+0.18M  from light curve model.

  

Host star mass: ML = 0.51± 0.05M  from light curve and 
lens H-magnitude.
Other parameter values: 
•  “Jupiter” mass:               mb= 0.73 ± 0.06 MJup   

 semi-major axis:   
•  “Saturn” mass:           mc= 0.27 ± 0.03 MJup= 0.90 MSat  

  semi-major axis:   
•  “Saturn” orbital velocity           vt = 9.5 ± 0.5 km/sec                      

 eccentricity                   
 inclination           i = 63 ± 6°         

ab = 2.3 ± 0.5AU

ac = 4.5−1.0
+2.2 AU

€ 

ε = 0.15−0.10
+0.17



Orbital Motion Modeling 
•  4 orbital parameters are well determined from the light 

curve 
–  2-d positions and velocities 
–  Slight dependence on distance to the source star when 

converting to physical from Einstein Radii units 
•  Masses of the host star and planets are determined 

directly from the light curve  
–  So a full orbit is described by 6 parameters (3 relative positions & 

3 relative velocities) 
–  A circular orbit is described by 5 parameters 

•  Models assume planetary circular motion 
–  2-d positions and velocities are well determined 
–  Orbital period is constrained, but not fixed by the light curve 
–  The orbital period parameter can be interpreted as acceleration 

or 3-d Star-Saturn distance (via a = GM/r2) 
•  Details in Bennett et al (2010) 



Full Orbit Determination for 
OGLE-2006-BLG-109Lc 

• Series of fits with fixed orbital 
acceleration (weight with fit χ2) 

• Each fit corresponds to a 1-
parameter family of orbits 
parameterized by vz 
–  unless  

• Assume the Jupiter orbits in the 
same plane and reject solutions 
crossing the Jupiter orbit or that 
are Hill-unstable 

• Weight by prior probability of 
orbital parameters 
–  planet is unlikely to be near 

periastron if ε >> 0 

1
2
vx
2 + vy

2( ) − GMr > 0

Families of solutions corresponding to 
best models at various values of a. 



•  Full calculation using Markov 
chains run at fixed acceleration. 

•  Include only Hill-stable orbits 
•  results: 

 

M LA = 0.51± 0.05M 

M Lc = 0.27 ± 0.03M J

M Lb = 0.73 ± 0.07M J

a Lc = 4.5 −1.0
+2.2 AU

a Lb = 2.3 ± 0.5AU
inclination = 64 −7

+4  degrees
ε = 0.15 −0.10

+0.17

Full Orbit Determination for 
OGLE-2006-BLG-109Lc 

•  RV follow-up w/ 40m telescope 
– K = 19 m/sec   (H = 17.2) 



Future Doppler Radial Velocity Confirmation 

A high throughput, high resolution spectrograph on a 22-40m aperture telescope 
can measure the 19 m/s RV signal 

E-ELT – 42m aperture 
1st light in 2017 

TMT – 30m aperture 
1st light in 2017 

GMT - 22m aperture 
1st light in 2017 



Lens Systems With > 2 Masses 
Systems like the 4 equal 
mass lens system with 
caustic structure shown at 
right, can be quite 
different from binary 
lenses. This system can 
will go from 5 -> 7 -> 9 -> 
11 -> 13 -> 15 images if 
the source travels from 
region D0 to D5. 

But, such a configuration 
is very unlikely for a 
stable, bound system. 

– 19 –

Fig. 2.— Four point masses are at x1,3 = ±0.8 and x2,4 = ±0.5i. The caustic curve consists

of three caustic loops: (q, m) = (3, 12), (1, 3), (1, 3). The arrows show the orientation of the
caustic loops (dϕ > 0). D0 is the lowest degree domain where the number of images is
5, and the domain D1 generates 7 images. D0 −→ D1 depicts the direction in which the

number of images increases by two in relation to the orientation of the caustic loop. All the
caustic loops wind around in the same direction – counterclockwise. Crossing through an

intersection point changes the degree of caustic domain by two and the number of images
by four. In this lens configuration, there are no intersection ponts where more two curves

intersect. A point source in D5 generates 15 images.



OGLE-2006-BLG-109Lb,c Caustics  

Nested caustics 
in realistic triple 
lens events are 
quite small. 



WFIRST Will See > 2 Lens Systems in 
Low Magnification Events 

Planet + moon and 2-planet events from space-based microlensing simulations 
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Fig. 2.—Left panels: contours of constant fractional deviation d from the single-mass lens magnification, as a function of source position (y, h) in units of the
angular Einstein ring, vE. The parameters of planet 1 are held fixed at , , while the projected separation and the angle between the axes,q � 0.003 b � 1.2 b1 1 2
, are varied for a second planet with . The offset panel is the case when only planet 1 is present. The contours are (light lines) and �20%Dv q � 0.001 d � �5%2

(bold lines). Positive contours are red, negative contours are blue. The caustics ( ) are shown in black. A trajectory with minimum-impact parameterd � �
and angle with respect to axis 1 is shown. The scales on the axes are the same for all panels. Right panels: the fractional deviation d from�u � 0.025 v � 260min

a single-mass lens as a function of time for the trajectories shown in the left panels. The black line is for a source of radius in units of vE; the red liner � 0.003
is for . The scale of all the axes is the same for all panels.r � 0.01

one actually measures are light curves, which are one-dimen-
sional cuts through these diagrams. Light curves are shown in
the right panels of Figure 2, with source radii of r � 0.003
and , for the sample-source trajectory indicated in ther � 0.01
left panels. Some geometries give rise to light curves that de-
viate dramatically from the case with only one planet, but those
with have shapes that are very similar to single-planetDv � 0
lensing, although with larger amplitude and duration. In other
words, some two-planet geometries with will give riseDv ∼ 0
to light curves that are degenerate with single planets of larger
mass ratios. Furthermore, note that regions of positive and
negative deviations are more closely spaced when two planets
are present. When finite-source effects are considered, the over-
all amplitude of the multiple-planet anomaly will thus be sup-
pressed. Examples can be seen in the and 0.8 andb � 1.22

panels of Figure 2, where, for source radius�Dv � 180 r �
, the amplitude of the anomaly is smaller for the double0.01

planetary system than the single-planet system, while for
, the amplitudes are similar. Overall detection prob-r � 0.003

abilities may thus be lower for high-magnification events when
multiple planets and large sources are considered.

5. IMPLICATIONS AND CONCLUSION

In this Letter, we have demonstrated that (1) the probability
of two planets having projected separations that fall in the
“standard lensing zone” ( ) is quite high,0.6 ! b ! 1.6
∼1%–15% for planets with true separations corresponding to
Jupiter and Saturn orbiting stars of typical mass; (2) the influ-
ence of multiple planets in and somewhat beyond the standard

lensing zone can be profound for high-magnification events
( ); however, (3) for some geometries, the magnifi-u ! 0.1min
cation pattern and resulting light curves from multiple planets
are qualitatively degenerate with those from single-planet lens-
ing; and (4) for high-magnification events, finite-source effects
are likely to suppress more substantially the amplitude of
multiple-planet deviations than the amplitude of single-planet
deviations.
Given these results, it would appear that the effects of mul-

tiple planets warrant future study. All previous theoretical stud-
ies have calculated microlensing planet-detection sensitivities
either by ignoring multiple planets or by treating each planet
independently. For high-impact parameter events (low mag-
nification), this is probably a fair assumption, but as the mag-
nification maps in Figure 2 illustrate, detection probabilities
will need to be revised for small-impact parameters (largemag-
nification). The sense of revision will likely depend on finite-
source effects. It is also likely that for some geometries, serious
degeneracies exist between light curves arising from multiple-
and single-planet high-magnification events; these degeneracies
are above and beyond those present in the single-planet case
discussed by GS. This possible degeneracy is especially per-
tinent in light of the fact that the conditional probability of
having two planets in the lensing zone is substantial. Thus, the
interpretation of any given high-magnification event may be
difficult: the degeneracies should be characterized and their
severity determined in order to have a clear understanding of
the kinds of systems whose parameters can be unambiguously
determined from the deviations. Finally, the calculation of

>2 Lens Events Are Easy to See in 
High-Mag Events 

Planets (or stars) at 
a wide variety of 
positions influence 
the central caustic, 
and are therefore 
detectable. Gaudi, Naber & Sackett (1998) 



Planetary Light Curve Calculations 

•  Lens Equation for point masses: 
–  w, z, and xi are the complex positions of the source, image, and lens masses 
–  the inverse solution is simple: find the source position corresponding to an 

image position 
•  Binary lens solution (Schneider & Weiss 1986):  

–  2-mass equation can be converted to a 5th order complex polynomial, which has 
5 solutions  

–  3 or 5 of these solutions are also solutions to the original lens equation 
–  can be solved with an efficient numerical method 

•  Triple lens solution (Rhie 2002: astro-ph/0202294) 
–  3-mass equation can be converted to a 10th order complex polynomial with 10 

solutions 
–  4, 6, 8, or 10 of these are also solutions of the lens equation 

•  Quadruple lens solution (Rhie, unpublished; Sullivan, unpublished) 
–  4-mass equation should be converted into a 17th order complex polynomial 

w = z − εi
zi − xii=1

n

∑



Triple Lens Equation 

• Rhie (2002) – 10th order polynomial equation 
– Equation solution sometimes requires quadruple (128-bit) precision 

• Enables image centered ray shooting and hexadecapole 

– 4 –

If we let H ≡ z1z2z3 and G ≡ ε1z2z3 + ε2z3z1 + ε3z1z2 =
∑

cyc εizjzk, then f = G/H , and it is

simple to see that equation (4) is a tenth order polynomial equation. If we let ω̄j ≡ ω̄ − x̄j ,

0 = (z − ω)(G + ω̄1H)(G + ω̄2H)(G + ω̄3H) −
∑

cyc

Hεi(G + ω̄jH)(G + ω̄kH) (5)

An analytic polynomial equation has the same number of solutions as the order (see any
textbook on complex variable or mathematical physics), there can be up to ten images in a

triple lensing. There are only four images for ω = ∞, the number of images changes by two
at a caustic crossing, and the caustic curves form heierachical structures of domains for high
multiplicity images. There are triple lenses with domain D3 the sources therein produce ten

images, the maximum possible number of images (Rhie 1997). As we repeatedly emphasized
in Rhie (1997), the triple lens equation is equivalent to the tenth order polynomial analytic

equation only in the domain D3, and the statement on the equivalence in section 3 of Gaudi,
Naber, and Sackett (1998) seems to be a misquote which can mislead the readers to think

that the two equations are equivalent everywhere.

In order to fit a triple microlensing light curve, we need to solve the tenth order analytic

equation (and select the image solutions that satisfy the lens equation). This can be done
numerically using root finders available in the literature, and we only need to type in the

coefficients. The coefficients may appear to be cumbersome as declared in Gaudi, Naber,
and Sackett (1998), and it is indeed the case if we, for example, calculate the coeffients using
Mathematica. The output of an algebraic computing package is (unnecessarily) messy even

for the binary lens equation. Thus, it is useful to group (or not to unfold) the coefficients,
which is a natural intermediate process in hand calculations.

In the center of mass system, εjxj = 0, H and G are written with four coefficient
functions, a, b, c, and d: H = z3 + az2 + bz + c and G = z2 + az + d, where a ≡ −(x1 +x2 +

x3), b ≡ x1x2 +x1x3 +x2x3, c ≡ −x1x2x3, and d ≡
∑

cyc εixjxk. If we let aω ≡ ω̄1 + ω̄2 + ω̄3,
bω ≡ ω̄1ω̄2 + ω̄2ω̄3 + ω̄3ω̄1, cω ≡ ω̄1ω̄2ω̄3, and dω ≡

∑
cyc εiω̄jω̄k, then equation (5) becomes

0 = G3(z − ω) + G2H((z − ω)aω + 1) + GH2((z − ω)bω + aω − ω̄) + H3((z − ω)cω + dω) (6)

If we let G3 ≡ H0kzk (k ≤ 6), G2H ≡ H1kzk (k ≤ 7), GH2 ≡ H2kzk (k ≤ 8), and

H3 ≡ H3kzk (k ≤ 9), the equation becomes

0 =
10∑

k=1

cff (k) zk (7)

where the polynimial coefficients are

• cff (k) = ( H0k−1 + H1k−1 aω + H2k−1 bω + H3k−1 cω)

− (H0k ω + H1k (ωaω − 1) + H2k (ωbω + aω − ω̄) + H3k (ωcω + bω))

– 4 –
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The coefficients Hij are polynomials of a, b, c, and d where the polynomial coefficients are

simple combinatoric integers.

• H39 = 1; H38 = 3a; H37 = 3b+3a2; H36 = 3c+6ab+a3; H35 = 6ac+3b2+3a2b; H34 =
6bc + 3a2c + 3ab2; H33 = 3c2 + 6abc + b3; H32 = 3ac2 + 3b2c; H31 = 3bc2; H30 = c3.

• H28 = 1; H27 = 3a; H26 = d+2b+3a2; H25 = 2ad+4ab+ a3 +2c; H24 = 2db+ da2 +

4ac+2a2b+b2; H23 = 2dc+2dab+2a2c+ab2+2bc; H22 = 2cad+db2+2abc+c2; H21 =
2bcd + ac2; H20 = c2d

• H17 = 1; H16 = 3a; H15 = 2d + 3a2 + b; H14 = 4ad + a3 + 2ab + c; H13 = d2 + 2a2d +

2bd + ba2 + 2ac; H12 = ad2 + 2abd + 2cd + ca2; H11 = bd2 + 2acd; H10 = cd2

• H06 = 1; H05 = 3a; H04 = 3d + 3a2; H03 = 6ad + a3; H02 = 3d2 + 3a2d2; H01 =
3ad2; H00 = d3

2.1. Comments

An interested party may download the source file of this manuscript to avoid tying the
coefficients. We encourage to check the coefficients, however. It is a quick exercise once

one adopts the poor person’s calculation with pencil and paper as shown above; also with
the free biocomputer which is harder to hack either internally or externally barring the long

term process of brainwashing. We also found it useful to test the symmetric cases in rh97
whose image solutions behavior (for example, the number of images) is known. The critical
curve is obtained by solving κ = ei2ϕ which is an eighth order polynomial equation. The

caustic curve is obtained by applying the lens equation to the critical curve solution. It is
fine to use ϕ = [0, 2π) as the parameter for equal interval sampling. Let δ = 2π/N for N not

too large and observe the intervals (or speeds) of the solutions on the critical curve and the
caustic curve. Note especially the density of the solutions around the cusps of the caustic
curve. It is worth pausing for a moment counting the relative numbers of the solutions on

the stellar caustic and planetary caustics for planet systems lenses.

For the measurements and theoretical calculations of the anomalous magnetic moment
of the electron, we have consulted Peskin and Schroeder (1999) and Kinoshita (1990). We

have considered drawing all the Feynman diagrams to lay out the degree of lengthy squiggly
messiness but given up, and our misadventure may be considered an indirect testimony of
the degree of mud wrestling the exquisite anomalous magnetic moment requires.

Barring the notion that lensing community may have been chosen to be dealt with laxed

scrutiny of nature, we have no doubt that we have no luxury to complain about a bit of



Modeling Events with Higher Order Effects 
1.  Investigate simplest models first, even if they don’t seem so likely 

–  They are easier to investigate, and you will need to exclude them to argue 
for a more complicated model. 

2.  Identify characteristic features such as caustics and cusp crossings 
–  This can allow relatively easy identification of the correct caustic geometry 

in events like OGLE-2006-BLG-109 
–  Cross-calibrate and combine data sets to avoid models with incorrect 

relative normalizations 
3.  Consider all possible models that might explain the data 

–  Use your “internal” catalog of events 
–  It will often be unclear which higher order effects are important 

4.  When possible, try perturbative approach – adding higher order 
effect sequentially in order of their importance. 

5.  If perturbative approach doesn’t work, then a blind search over a 
high dimensional parameter space is needed 
–  Use all possible tricks to speed up your light curve calculations 



Example: MOA-2004-BLG-33 

•  Triple-lens, circumbinary planet models provide an approximate fit, but do not 
match the detailed light curve shape – caustic features in model but not data 

•  Joe Ling found a much simpler Xallarap model (without a planet) 



Example: MOA-2010-BLG-117 

MOA-2010-BLG-117 deviation looks like a minor image caustic perturbation, but 
the depth of the trough is too shallow.  
•  A circumbinary model is shown 
•  An alternative model is a binary source model, where the magnification of the  

2nd lens helps to fill in the trough 

Light curve trough 
is too shallow 



Example: OGLE-2008-BLG-270 

Incomplete light curve sampling, and somewhat noisy data from small telesopes 
make this event challenging 
•  a 1st attempt at a perturbative solution doesn’t seem to work 
•  Nearly 30 days from caustic entrance to exit -> orbital motion important 
•  A high dimensional parameter-space search may be needed. 



Images are squished in radial direction by a factor of 2, but stretched in the 
angular direction by a factor of A, so the angular to radial dimension of the 
image is ~2A, which is usually > 200 

source 
(not seen) 

image (observed) 

lens 

High-Mag Modeling =>  
Almost Einstein Ring 



Microlensing Modeling Challenges 
•  High Magnification events 

–  extreme image distortion implies cpu-intensive 
magnification calculations 

–  high sensitivity means multi-planet sensitivity 
•  higher dimensional parameter space 

–  “resonant” caustic events 
•  large caustic => orbital motion ~ 0.001 RE/day 

•  Standard modeling methods may fail 
•  Method designed to handle multi-planet events 

with orbital motion 
–  Based on the method used to solve OGLE-2006-

BLG-109Lb,c 
–  can be used for any event, but optimized for high-mag 



The Need for Precision 
•  When systematic errors can be controlled, we can get 

photometry good to a few mmag for high-mag events 
•  But, stellar limb darkening profiles are not known to 

better than 1% 
–  this implies light curve errors of up to a few mmag because 

limb darkening models are imperfect 
•  Nevertheless, it is useful to have light curve calculations 

precise to ~0.01% or better 
–  Low precision implies rough χ2 surface 
–  Markov Chain-like modeling methods optimize the numerical 

errors to minimize χ2  
–  Low precision calculations tend to get “stuck” at (spurious) local 
χ2 minima 

•  In practice, linear limb darkening is usually sufficient 



New Lens Image Pairs Appear on Caustics 
•  Image plane = 

what we would 
see if there was 
no lens 

•  Souce plane = 
what we really 
see 

•  The lensing event 
can be described 
as the mapping 
from the source 
plane to the 
image plane. 

•  Highest 
magnification 
occurs at caustic 
crossings 

Magnification 
inside caustic: 
~ x-1/2 



Magnification from Lens Equation 
•  The magnification for a point source can be derived from the Jacobian 

determinant of the lens equation: 

•  Where 

•  This the the Jacobian determinant of the inverse mapping from the image to 
the source plane, so the magnification for each image is given by  

   evaluated at the position of each image 
•  Critical curves are image locations where |J| = 0 
•  Caustics are the corresponding source locations 

J = ∂w
∂z

∂w
∂z

−
∂w
∂z

∂w
∂z

= 1− ∂w
∂z

2

∂w
∂z

=
εi

z − xi( )2i
∑

A = 1
J



Beyond the Point-Source Approximation 

•  Hexadecapole approx. (Pejcha & Heyrovsky 2009, Gould 2008) 
– Uses 13 point “grid” in the source plane 
– Cannot be used during caustic crossings 
– Not general, but fast 
–  Best when combined with more general method 

•  Brute force ray-shooting (i.e. Wambsganss 1997) 
– Can be used for complicated static systems  

•  i.e. many masses or continuous mass distribution 
–  Becomes extremely slow for an orbiting lens system 



Beyond the Point-Source Approximation 2 
•  Image Centered Ray-Shooting (Bennett & Rhie 1996) 

–  First general method for binary lens systems with finite sources 
–  Used to show that microlensing can detect exo-Earths 
–  use point source approximation except when the source is close to 

a caustic or image is close to a caustic curve 
–  Shoot rays from point-source image centers plus any partial images 

where the disk (but not the center of the source) crosses a caustic 
•  grids grow until the grid boundary is outside the image  

–  For a high magnification static lens system, we can save the rays 
shot close to the Einstein ring. 

–  Polar coordinate and limb-darkening integration improvement 
•  (Bennett 2010) – presented here 

–  This method was used for all planetary microlensing discoveries 
•  Primary or back-up analysis 

•  Stokes or Green’s Theorem (Gould & Gaucherel 1997; Bozza 2010) 
–  Very fast for uniform source 
–  Competitive for realistic limb darkened sources 



Ray-Shooting Grids 
• High magnification 

events are the most 
time consuming to 
calculate due to highly 
elongated images 

• Polar coordinates can 
sample the long image 
axis with < 1/16 of the 
grid points of a 
Cartesian coordinate 
system. 



High Precision: 
2nd Order Numerical Integration 

Building blocks of 2nd order schemes (Numerical Recipes, Press et al.) 

Trapezodial rule: 

Mid-point rule: 



Numerical Integration of Limb-darkened Images 

 trapezoidal rule  

 midpoint rule  

Standard 1-dimensional integration schemes can be built from these 
simple formulae (see e.g. Numerical Recipies by Press et al.) 
Build a scheme of 2nd order or higher accuracy 

Building blocks of 1-dimensional 2nd order numerical integration schemes 

h 



Numerical Integration of Limb-darkened Images 

f (x)dx
x1

xN

∫ = h 1
2
f1 + f2 + f3 + ....+ fN −1 +

1
2
fN

⎡

⎣⎢
⎤

⎦⎥
+O

xN − x1( )3 ʹ′ʹ′f
N 2

⎛

⎝
⎜

⎞

⎠
⎟

f (x)dx
x1/2

xN+1/2

∫ = h f1 + f2 + f3 + ....+ fN −1 + fN[ ] +O
xN +1/2 − x1/2( )3 ʹ′ʹ′f

N 2

⎛

⎝
⎜

⎞

⎠
⎟

extended 
trapezoidal rule  

extended 
midpoint 
rule  

f (x)dx
xa

xb

∫ = h1 f1 + h f2 + f3 + ....+ fN −1[ ] + hN fN +O
xb − xa( )3

ʹ′ʹ′f
N 2

⎛

⎝
⎜

⎞

⎠
⎟

                      h1 = x3/2 − xa          hN = xb − xN −1/2

For lensing calculations, we must calculate the grid 
points before we find the boundaries 

modifying the boundary step size would seem to restore 2nd order accuracy 



1-Dimensional Integral of Limb 
Darkened Source 

• Normally, we assume that the integrand is approximated by 
a power law in (x - xL) where xL is the position of the limb 

• But, a limb darkened source is better approximated by a 
power law in 

• Require that the difference scheme is exact for low order 
power law functions in               instead of (x - xL)  

• Standard 2nd order schemes have error terms that scale as 
~ h3/2 and are actually order 1.5 

• A relatively simple scheme works best 
• Formally higher order schemes are sometimes worse 

x − xL

x − xL



Integrating Over Limb-darkened Images 
•  But  

•  This ruins the 2nd order 
accuracy of the 
differencing scheme 

•  Of course, we integrate 
in the image plane where 
the stellar profile is 
distorted, but the (1-r)1/2 
behavior remains near 
the limb 

 

(xmax − xmin )3 ʹ′ʹ′f
N 2

⎛

⎝⎜
⎞

⎠⎟
= ∞

both ʹ′f  and ʹ′ʹ′f  diverge at r  1
for f  (1− r)1/2

I = I0 1− c 1− 1− r2( )⎡
⎣⎢

⎤
⎦⎥

Milne (1921) formula: 



An Attempt at a 2nd Order Scheme 
This is formally 2nd order accurate for a “linear” limb darkening profile: 

but the b gets very large for δ ~0, so this formula is applied only  
for b ≥ bc  where bc~ 0.15 has been determined to be optimal empirically  

This method does turn out to be 2nd order in some cases, but in other 
cases σ ~ h3/2, but precision is improved by a factor of ~10 

Computational overhead of finding the boundary is a factor of 1.5-2 

f (x)dx
xL

x3/2

∫ = h 1
2
+ δ⎛

⎝⎜
⎞
⎠⎟

(1− b) fL + bf1[ ]   ,

where    δ = (x1 − xL ) / h  ,    and

b = 2
3

δ +
1
2

δ



2nd Order Integration Scheme for Limb 
Darkened Sources 

• A relatively simple scheme cancels 

    where 

• But b can get very large when δ → 0 
• Small δ values can lead to large numerical errors 

– presumably due to large coefficients for higher order error terms 



Implement a Cut-Off 
•  For δ < δc use a lower order integration scheme 

  with coefficients given by 

•  The cut-off means that the differencing method is formally only order 
1.5 accurate, but empirically, this works best. 



2nd Dimensional Integration 
•  y – direction 
•  Integrate over rows 
•  Integration over x removes the 
 derivative singularity due to 
 terms 

•  If Fi indicates the integral of the i-th 
row, the formula 

 makes the y – direction integral 2nd 
order accurate 

y − yL



Lightcurve Calculation Tests 

Low-magnification         and         high-magnification light curve examples. 
Red boxes indicate the regions used for light curve precision tests. 



Integration Scheme Tests 

Precision tests based on 4 high mag event models (for 3 events). Right: RMS 
precision, σ, of the light calculations vs. mean grid size (in Rsource units). Blue, 
green, red, and grey-dashed curves are for δc = 0.017, 0.05, 0.15, and 1.00, 
respectively. Angular grid spacing is 4× the radial grid spacing (at RE). The black-
dashed curve has δc = 1.00, with angular = radial grid spacing. 



Precision vs. Grid Size 
RMS precision, σ, vs. mean 
grid size. The blue, green, 
red, and gray dashed curves 
are for δc = 0.017, 0.05, 0.15, 
and 1.00, respectively. The 
angular grid spacing is 4 × 
times the radial grid spacing 
(at the Einstein ring radius). 
The black short-dashed curve 
is for δc = 1.00, with equal 
angular and radial grid 
spacing. The black long-
dashed curve represents a 
first-order integration scheme 
with no 2nd order corrections. 

δc =0.15 yields 2nd order 
accuracy for high mag events 



Integration Scheme Tests 

RMS precision, σ, as a function of the 
geometric mean grid size (in Rsource units). 
The cyan, red, and black-dashed curves 
have an angular grid spacing of 16, 4, 
and 1 × larger than the radial spacing.     
δc = 0.15 is used in all cases. 

Improvement in the RMS precision, σ, over 
the “standard 2nd order” calculation case (with 
δc = 1.00 and radial = angular grid spaces) vs. 
mean grid size. The blue, green, and red 
curves have δc = 0.017, 0.05, 0.15, with an 
angular grid spacing 4 × the radial spacing. 
The cyan curve has δc = 0.15 and angular grid 
spacing 16× radial spacing.  



Precision vs. Grid Axis Ratio 
RMS precision, σ, as a 
function of the geometric 
mean grid size (in source 
star radius units). The 
cyan, red, and black 
dashed curves have an 
angular grid spacing of 
16, 4, and 1 times larger 
than the radial spacing, 
respectively. δc = 0.15 is 
used in all cases. 

Grid ratio = is 16 is better 
for high mag events, but 
only ~1.5 order accurate 



Precision Improvement vs. Grid Size 
Improvement in RMS 
precision, σ, over the 1st 
order integration case (with 
equal spacing for the 
angular and radial grids) vs. 
the geometric mean grid 
size. Blue, green, red, and 
gray dashed curves are for 
δc = 0.017, 0.05, 0.15, and 
1.00, respectively, with an 
angular grid spacing 4× 
larger than the radial 
spacing. The magenta and 
cyan curves have δc = 0.15 
and angular grid spacings 
that are 1× and 16× larger 
than the radial grid spacing. 

1000× speed improvement  
for high mag events! 



Precision vs. Grid Axis Ratio 
RMS precision, σ, for the 7 
example light curves as a 
function of the geometric 
mean grid size (in source 
star radius units). The cyan, 
red, and black dashed 
curves have an angular grid 
spacing of 16, 4, and 1 
times larger than the radial 
spacing, respectively. δc = 
0.15 is used in all cases. 



Grid Search Global Fit Procedure 
•  For events with incomplete sampling and some high magnification 

events, the “inspection” method is not convincing 
• Grid Search - fix some (typically 2) parameters and allow the others to 

vary – find χ2 minima with some parameters fixed 
–  Ray-shooting codes allow efficient calculation of many light curves with 

fixed mass ratios and separations 
–  Primarily of use for high magnification events, where light curve calculation 

is relatively slow 
•  If we fix the mass ratio, q, and separation, d, then we can use ray-

shooting to generate a magnification map, which enables a quick 
calculation of many χ2 values 
–  but q and d are not the optimum parameters for the grid from a physical 

point of view 
–  there is a curve in χ2 space that keeps the size of the central caustic fixed. 
–  Physically, a better grid would be q or d and θ, the angle between the 

source trajectory and the lens axis 
• Method works well for single planet events, but events with more 

parameters are more tricky 



OGLE-2005-BLG-169Lb Grid Search 

3-d grid: d, q, θ   covers a small 
fraction of parameter space, because 
the caustic crossing is obvious 

sparse sampling allows us to move 
light curve bump between data 
points 



MOA-2007-BLG-192 Grid Search 

Sparsely sampled light curve allows different solutions 



MOA-2007-BLG-192 Grid Search 

A grid in d, q, and θ can miss the degenerate solutions in t*, the source 
radius crossing time. 



Grid Search 



Grid Search Complications 
•  Static planetary events are generally easy to 

characterize 
•  Computational efficiency demands that d, q be grid 

parameters, but a full exploration of a grid in other 
parameters is often more useful 

•  Care is required with poorly sampled events 
•  Additional parameters may be important 

•  Microlensing parallax 
•  Additional planets or stellar companions 
•  Orbital motion 

•  Full grid search can become impractical for events with 
more than two masses 

•  unless 3rd mass is a small perturbation on the 1st 2 
•  or … 



Initial Condition Grid Search 

• Advantage: the grid is a small fraction of the total 
calculation, so higher dimensional grids can be used 

• Fix parameters that can be determined by simpler fits 
–  For events with strong caustic crossings, change variables:               

from { t0, tE } to two caustic crossing times { tcc1, tcc2 } 
–  Usually: single lens parameters { t0, tE, u0 } or { tcc1, tcc2, u0 } 

• Calculate χ2 for an initial condition grid over the other 
parameters 

• Select the initial conditions with the best χ2 values and find 
the best fit with these initial conditions 



Initial Condition Grid Search 2 
• Do runs with different initial conditions lead to the same 

solutions? 
– If yes, we are done 
– If no, try one or both of: 

• Select the parameter sets from the grid with the next best χ2 
values, and minimize χ2 from these initial conditions 

• Run a denser grid of initial conditions 
• Tested on all published planetary events and most events in 

progress 
– But the real test is finding solutions when the grid search fails 



Initial Condition Grid Search Examples 

MOA-2008-BLG-310: sparse grid 
on d, q, and θ; solutions in a few 
cpu hours (18,000 ICs checked) 

MOA-2007-BLG-192: θ = 0, 356° at 4° interval, 
q = 10-5, 3×10-5, 10-4, 3×10-4 
d = 0.5, 0.6, 0.7, 0.75, 0.8, 0.85, 0.9, 0.95, 0.96, 
0.97, 0.98, 0.99, 1.00, 1.01, 1.02, 1.03, 1.04 
t*,= 0.013, 0.03, 0.047, 0.064, 0.081, 0.099, 
0.116, 0.133, 0.15 days (55,000 ICs checked) 



χ2 Minimization Strategy 
χ2 surface is complex with narrow valleys 

and high peaks 

 Markov Chain Monte Carlo is the 
method of choice to find and 
characterize the χ2 minimum. 

    Use the parameter  
    correlation matrix to 
    locate parameter 
    space valleys. 



Markov Chain Monte Carlo (MCMC) 
•  Metropolis algorithm: accept or reject new solution (i.e. a set of model 

parameters) to add to the chain based on Δχ2 = χ2(new) - χ2(old) 
–  accept if Δχ2 < 0 
–  accept with Probability = exp(-Δχ2/2T) where the “temperature” is a 

parameter of the MCMC method 
–  use T = 1 to find the find the general location of the χ2 minimum and to 

determine parameter uncertainties 
–  use T<<1 to find the best solution 

•  Jump function selects the new trial solution from the last accepted 
solution 

–  We want of efficiently move through parameter space taking “large” 
steps, that remain in the Δχ2 valley, so that a significant fraction of steps 
are accepted (both during the decent to the χ2 minimum and once we’ve 
converged). 

–  Use the parameter correlation matrix 
–  Change the parameter correlation matrix frequently when searching for 

the best solution, but not when calculating error bars.  



Parameter Correlation Matrix 

•  Optimize the jump function by diagonalizing Cij to give the “principle 
axes” of shape of the local minima at our current position in χ2 space. 
parameter set.  

•  Select new parameters with a Gaussian variance given by the Cii 
values from the old parameter values. 

•  Convert back to old parameter basis with (Cii)-1 to give the new 
parameters in the original basis to calculate χ2. 

•  While descending toward the minimum in χ2 space, remember only a 
relatively small number of chain links in order to calculate Cij  

–  Possibly forget Cij and start over if we become stuck for many steps with 
no χ2 improvement. 

•  When the chain has converged to the vicinity of the χ2 minimum, 
remember a larger number of chain links to estimate Cij, but do not 
continue to update Cij after the initial part of the chain. 

Cij = pi pj =
1
N

pi
k=1

N

∑ pj  for N  chain links



χ2 Minimization Recipe 
Metropolis Algorithm w/ adaptive correlation matrix  
•  Initial Jump function: specify uncertainty ranges for each parameter, 

and select new parameters with uniform probability within these ranges 
•  Once we have Nsave ≥ 20 (or 2Npar) accepted Metropolis steps, 

calculate and diagonalize Cij and use it for the Jump function 
–  Select new parameters in a Gaussian distribution along the principle axes 

in parameter space, and use (Cii)-1 to convert back to the normal 
parameters. 

•  Recalculate Cij whenever Nsave ≥ increases by 4. 
•  When Nsave reaches 100, drop the oldest parameter set from list to be 

used to calculate Cij . Continue to update Cij every 4 accepted steps. 
•  If we do 40 consecutive χ2  calculations without accepting one, then 

forget the oldest 37.5% of parameter sets so that Nsave  0.625 Nsave  
and recalculate Cij . 

–  If Nsave < 20 (or 2Npar), then use the initial procedure for the jump function 
•  When we have done 2000-3000 consecutive χ2  calculations without 

improving the best value, stop. Take T  T/10, and repeat procedure.  



Initial Condition Grid with χ2 

Minimization Recipe 
•  Successfully tested on all published and some 

unpublished planetary microlensing events 
•  Test on OGLE-2008-BLG-270 predicted an early caustic 

crossing that was subsequently discovered in the OGLE 
data. 

•  Soon to be run on 2+ planet events without an 
acceptable light curve model. 





Homework Problem 

• Solve the lens equation for the n = 4 case 
• Hint: don’t do the algebra by hand - use a symbolic algebra program 

like Mathematica or Maple instead 
–  Get the result in machine readable form 

• Publish the result 
•  Likely co-authorship on the first microlensing 3-planet event! 

• Extra-credit: get the n = 5 solution 

w = z − εi
zi − xii=1

n

∑


